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1. Introduction

When Feynman considered a computer capable 
of using quantum principles to perform quantum 
calculations effectively, he was paving the way for 
modern quantum computers. Despite being in their 
early stages, these machines are already operational 
for small tasks and offer advantages over their 
classical counterparts [1]. The use of quantum 
computers promises significant speed-ups for large 
systems and quantum calculations that quickly 

become unscalable. For instance, calculating 
molecular properties becomes computationally 
challenging as the number of atoms or electrons 
increases. The Hilbert space grows exponentially, 
making memory storage impractical. To overcome 
this technological challenge, new quantum 
algorithms have been proposed, taking advantage 
of their quantum nature.

To cite some works, quantum algorithms for 
calculating electronic energies [2], excited state 
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energies [3], nonlinear molecular properties 
[4], and vibronic absorption signatures [5, 6] 
have been proposed. In this article, the aim is 
to simulate vibronic (electronic and vibrational) 
absorption spectra resulting from ionizations. 
The idea is to use Doktorov’s second quantization 
operator ÛDok , which encodes all the necessary 
information to calculate the vibronic signature. 
The operator is then translated into a series 
of quantum gates, yielding the final quantum 
circuit, also known as the ansatz. For illustrative 
purposes, the method is applied to the SO2 and 
ZnOH molecules. Nevertheless, this method 
has the novelty and advantage of being general, 
and in principle, it could be applied to any size 
molecule and any symmetry point group.

This article starts with a theoretical review of the 
concepts behind vibronic spectroscopy and the 
methods used for the quantum algorithm setup, 
followed by a brief description of the simulated 
results and their comparison to other classical 
algorithms. Nevertheless, the Theory and Results 
sections can be read together and considered a 
milestone in quantum computation applications. 

2. Theory

Calculating the intensity of vibronic transitions 
is computationally expensive because it requires 
estimating the Franck-Condon (FC) factors. 
These factors arise from Fermi’s Golden Rule 
under the Born-Oppenheimer approximation, 
where the total wave function can be separated 
into its electronic and vibrational components 
⎟ψ〉 =⎟ψe〉 ⊗⎟ψvib〉 and the Condon approximation 
allows to rewrite the dipole moment operator 
as m = me + mN. After some transformations, the 
probability I of a photon-induced transition from 
the ground state 1 to a certain state 2 is:

where the FC1→2 =⎟ 〈 ψvib⎟ψvib〉⎟2 is the FC factor. 
It corresponds to the overlap of the nuclear 
wavefunctions modulus squared. A visual 
representation of these factors is shown in Fig. 1.

Where Q is the normal mode coordinate and d 
the translational shift between the ground and 
excited potential energy surfaces (PES) for that 
normal mode. These FC integrals fulfill the very 
useful property:

where the sum is over all the possible vibronic 
transitions ν. It allows monitoring how much 
the vibrational contributions are considered. 
Calculating the overlap of the (bosonic) nuclear 
wavefunctions is not straightforward because 
the initial ground state and the final state are 
not expressed in the same basis. Classically, 
the initial and final vibrational normal mode 
coordinate vectors, qi and qf respectively, are 
related by the Duschinsky transformation:

where UD is the Duschinsky rotational matrix that 
mixes the L vibrational normal modes, and d is 
the displacement vector. When considering an 
electronic transition, such as an ionization, the 
Duschinsky transformation relates the ground and 
excited PES of all the different normal modes. 

Figure 1. Graphical representation of the Franck-Condon factors for one 
normal mode. The ground state nuclear wavefunction is projected to the 
different vibronic states.



UV-vis vibronic absorption spectra simulation by Doktorov Quantum Circuit 5

Besides translation and rotation, another important aspect is accounting for frequency squeezing: under 
the harmonic approximation, the ground and excited state normal mode frequencies differ. These three 
major transformations can be applied via the Doktorov operator ÛDok to transform the final state 2 into 
its equivalent but expressed in the ground state basis:

where for the sake of clarity, the subscript indicating the basis was added. After some algebraic 
manipulations, the Doktorov operator can be written as:

where the translation and squeezing have been decoupled such that every normal mode l, among the 
L = 3N – 6, is affected by one translational and one squeezing operator:

where ω1,l and ω2,l are the normal mode frequencies of the ground and excited state respectively, 
and bl

†
 and bl  are (bosonic) harmonic nuclear creation and annihilation operators. Moreover, the 

dimensionless coefficients have been defined:	

which will be pertinent for the ansatz parametrization i.e., these constants will be calculated once 
and easily called for the trotterization code. The remaining rotational operator couples the normal 
modes among themselves. In the work presented here, involving three-atom molecules, the rotational 
operator is simplified to the case where only the first two normal modes are coupled. The mixing of the 
third normal mode is either excluded for symmetry reasons or neglected. The final expression for the 
rotational operator is:

where θ is the angle of rotation of the two-dimensional Duschinsky matrix. These are the operators 
that need to be implemented on a quantum circuit to calculate the FC factors.
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3. Methods

The idea in this section is to translate the 
algebraic expression of the Doktorov operator 
into a quantum circuit. The two main steps are the 
bosonic mapping and the trotterization method. A 
final hybrid method is also described to retrieve the 
FC factors after statistical quantum measurement.

3.1. Bosonic encoding and mapping

The harmonic ladder bosonic operators are 
expressed in the usual Fock basis {⎟n〉} n∈�   , meaning 
that every normal mode l can be represented by a 
nl number representing the number of quanta on 
that specific mode. The total nuclear wavefunction 
for a three-atom molecule is written:

In practice, the quanta number nl most be truncated. 
The choice of encoding and the number of allocated 
qubits determine how many vibrational quanta 
can be represented. There are two main encoding 
families: compact and noncompact [7]. For 
simplicity, the compact standard binary encoding 
is used. The quanta vibrational number is written 
as its binary representation. When choosing, for 
instance, to allocate  M = 3 qubits per normal mode, 

it allows to represent 2M = 8 vibrational quanta, 
one for the ground state and the remaining seven 
excitations for that normal mode.  Representing a 
state with zero, one and seven excitations on the 
normal modes 1, 2 and 3 reads:

To change a zero state to a one state it is enough 
to apply an X gate. This is how a vibrational 
wavefunction can be initialized.

The next step is to map the ladder operators 
into Pauli strings. The creation and annihilation 
operators can be represented in the Fock basis 
in their ket-bra decomposition. This means that 
they are linear combination of ⎟ k〉 〈 k'⎟  matrices, 
where  k and k' are truncated from 0 to 2M – 1. 
It proceeds to do the same encoding as before: 
the k and k' numbers are converted into their 
binary representation, and after associating the 
corresponding weight qubits the following usual 
bosonic mapping is applied:
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For instance, when calculating the harmonic annihilation operator, which happens to be the same for 
all the vibrational normal modes:

One term appearing on the linear combination is:

After mapping it becomes:

This term is composed of eight Pauli strings.  Repeating this procedure for all the matrix terms gives 
the final expression of the annihilation operator with a three qubits truncation. The final expression is a 
combination of (22M) Pauli strings. Following this procedure, the translational, the squeezing and the 
rotational Doktorov operators can be expressed in a linear combination of Pauli terms.

3.2. Trotterization

Translating Doktorov operators into a quantum circuit is a non-trivial task. A closer examination of their 
expression reveals that these operators are complex exponentials of Pauli terms that do not commute 
with each other. However, due to their exponential form, the Trotterization method is appropriate [8]. In 
few words, the trotterization method allows the separation of two non-commuting operators, A and B, 
exponential, into two new exponentials of each operator:
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The formula above is also known as the Lie product 
formula. The operators used here, are a linear 
combination of Pauli terms. With a qubit-wise 
approach, groups of commuting Pauli terms where 
determined. For instance, for the translational 
operator with three qubit truncation, three Pauli 
groups Pi (each containing four commuting 
single Pauli strings Pi, j) were determined, and the 
trotterization until a certain order K is:

where αl is the dimensionless constants defined 
previously. Taking into advantage of the inner 
commutation of the Pauli groups:

This expression is exact with respect to the 
previous one. The key asset comes here, each of 
the single Pauli string exponentials can be 
easily translated into a quantum circuit. Modern 
languages such as Qiskit [9] or Tangelo [10] 
allow its rapid implementation. The twelve small 
quantum circuit equivalents can be repeated as 
many times as desired. The advantage of this 
approach is that the approximation improves 
with increasing order K and is robust against 
errors. The trade-off is that the depth of the circuit 

increases rapidly, which poses a challenge for 
near-term intermediate-scale quantum (NISQ) 
computers. The presented results used an order 
K = 128, which is already very large. A scheme of 
the Doktorov operator trotterized to an order K is 
shown on Figure 2.

3.3. Hybrid SWAP method

Now that the excited vibrational wavefunction 
can be changed to a different basis, the overlap 
between the initial ground state and the final 
excited state wavefunctions needs to be 
calculated. To achieve this, the SWAP method 
was implemented [12]. It is a hybrid method 
that consists of a Bell measurement followed by 
a classical post-treatment. This method has the 
advantage of having a constant complexity. The 
final ansatz with the SWAP circuit is shown on 
Figure 3.

The final quantum measurement follows a 
dot product with the post-treatment vector
                             . At the end, the resulting
number is the FC factor 

To obtain the entire absorption spectra, this 
procedure must be repeated for all vibronic 
states. No special pre-screening was conducted 
to determine the vibronic states of interest 
beforehand. However, it was estimated through

Figure 2 - Scheme of the Doktorov circuit trotterized up to order K. The vibrational wavefunction has three normal modes, 
each truncated to three qubits. Adapted from ref. [11].
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previous simpler calculations, notably using 
a small trotterization, that four qubits were 
sufficient to adequately represent the spectra of the 
studied molecules. By monitoring the sum of the 
Franck-Condon (FC) factors, which should equal 
one, the quality of the spectra was continuously 
monitored. The results herein kept 99% of the 
vibrational intensity for the SO2 molecule, and 
97% for the ZnOH molecule. The simulation 
was done using the state-vector back end.

4. Results and discussions

The results presented herein are ionizations for 
the SO2 and ZnOH molecules. These molecules 
were chosen based on the availability of their 
Duschinsky matrices and simulated spectra. 
Another significant factor is that these molecules 
belong to different symmetry point groups. The 
parameters used are presented in Table 1.

The first case is the SO2 molecule, see Fig. 4 (a). 
Sawaya and Huh [13] simulated the ionization 
absorption spectrum using the classical Density 
Functional Theory (DFT) at the B3LYP/6-
311+G(3df) level, and the ideal Quantum 
Fourier Transformation (QFT). Their results 
followed a Lorentzian broadening (grey line) 
and are considered as a reference. Indeed, QFT 
is a very accurate method, but it is also highly 
resource demanding. For instance, for the same 
number of normal modes, or qubits, QFT scales 
quadratically, whereas the presented approach, 
without rotational mixing, grows linearly. The 
simulated vibrational intensities (blue peaks) 
closely reproduce the reference using 15 
vibrational states. This first example represents 
the simplest model with a few vibrational states 
that validate the method.

Figure 3 - Doktorov and SWAP circuits combined as final ansatz. Adapted from ref. [11].

Table 1. Summary of the Parameters for the Different Ionizations
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The second example is the ZnOH molecule 
depicted in Fig. 4 (b). Meier and Rauhut 
[14] considered relativistic effects using the 
ECP10MDF effective core potential and the 
CCSD(T)/6-311++G(3df,2pd) level of theory. 
Their work uses the multidimensional integral 
(MDI) method to obtain the absorption spectrum 
accounting for anharmonic corrections. The 
resulting curve was entirely produced by classical 
computer algorithms and is used as a reference 
(grey line). The 12 simulated intensities (blue 
peaks) generally follow the trend of the spectrum. 
However, the deviation becomes slightly more 
pronounced at higher energies. The estimated 
Franck-Condon (FC) factors are overestimated, as 
expected from the pure harmonic approximation 
used in the methodology. A simpler explanation 
is that the reference curve incorporates a more 
complete theoretical framework.

Figure 4 - Comparison between the Dirac-like Franck−Condon factors 
issued from the present work (blue vertical lines) and the simulated 
spectra from Sawaya and Huh [13] (a, SO2) and Meier and Rauhut [14] 
(b, ZnOH). The intensities have been normalized to arbitrary units and 
adjusted so that the highest peaks of this work and of the references 
match. Adapted from ref. [11].

Nevertheless, simulating a three-atomic molecule 
with a symmetry other than C2v represents 
an achievement among quantum computer 
algorithms. The method demonstrates flexibility 
and generality in simulating vibronic spectra 
using quantum algorithms. Instead of computing 
individual normal mode spectra and then mixing 
them, this algorithm directly mixes and computes 
the complete vibrational tensor.

4. Conclusions

The work presented here calculates Franck-
Condon factors using a hybrid quantum algorithm 
to simulate UV-vis absorption spectra resulting 
from ionizations. The studied molecules serve as a 
proof of concept for the algorithm, demonstrating 
its symmetry-independence. To our knowledge, 
this is the first general algorithm applicable 
to molecules of any size and type. However, 
despite the robustness of the trotterization 
method against errors, the quantum circuit size is 
currently unfeasible for current NISQ machines. 
Trotterization rapidly increases the circuit depth, 
and the extensive measurements required for all 
normal modes are the primary limitations of the 
method. Nevertheless, it remains a promising 
approach for vibronic structure calculations and 
a highly flexible tool that can be integrated with 
other methods to exploit the vast vibronic Hilbert 
space more effectively. Future work includes 
extending the method to electronic transitions, 
larger molecules, and incorporating anharmonic 
corrections, which is currently underway.

This work is considered as a more accessible 
vulgarisation of the original article [11] where 
the curious reader is referred for more detailed 
and complete explanations.

a)

b)
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Abstract
Mechanical activation of chemical bonds is 
a fundamental process in nature but remains 
underutilized in chemistry and material science 

[1,2]. Utilizing mechanical forces to induce 
chemical reactions in materials, particularly 
by incorporating mechanophore molecules, 
which contain scissile bonds that undergo 
predictable and detectable rupture under 
stress, offers opportunities to design stress-
responsive materials [3]. These developments 
are made possible by a deep understanding 
of the mechanochemical behaviour of the 
mechanophores. Here, we describe how atomic 
force microscopy-based single-molecule force 
spectroscopy (AFM-SMFS), a technique which 
enables the precise and quantitative mechanical 
study of individual molecules, can provide 
invaluable information on the influence of their 
regio- and stereochemistry on their mechanical 
behaviour. We report on an ongoing project 
on the furan-maleimide Diels-Alder (fmDA) 

https://doi.org/10.52809/cn2024/LSHN4233

mechanophore. This adduct presents dynamic 
covalent bonds and can have four different 
geometries that differ by their regio- (proximal or 
distal) and stereochemistry (endo or exo), which 
makes it a good candidate for creating intelligent 
materials driven by mechanical forces.

Keywords
Mechanochemistry, mechanophore, single-
molecule force spectroscopy, Diels-Alder.

1. Polymer mechanochemistry 
and mechanophores

Mechanochemistry can be related to chemical 
reactions triggered by the application of 
mechanical stress. Traditionally, mechanical 
constraints have been regarded as destructive, 
causing chemical rupture in materials, and 
limiting their applications. However, in the 
early 2000s [3], a new perspective emerged, 
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suggesting that mechanical forces could be 
used in a productive way, enabling the creation 
of mechanoresponsive polymer materials. This 
conceptual shift in mechanochemistry has been 
particularly explored through the design, study, 
and application of “mechanophore” entities.

Mechanophores are entities that react predictably 
to mechanical forces by emitting a detectable 
signal. This response typically involves a 
conformational change or the breaking of scissile 
bonds under an applied force. Key examples 
include Diels-Alder [4,5] (Figure 1a) and 
spiropyran [6,7] mechanophores (Figure 1b), 
where the scissile covalent bonds are C–C and 
C–O, respectively.

Over the past decades, many mechanophores 
presenting different mechanochemical 
properties have been developed to create new 
stress-responsive materials. The first example 
concerned mechanophores that can change their 
optical properties under mechanical constraints. 
This optical response manifests itself as a change 
in visible color [8,9], fluorescence [10,11], or 
phosphorescence [12,13]. This property enables 
the creation of optical force-detecting devices for 
sensing deformation or local stress in materials 
and quick reaction to avoid a potential failure. 
Some mechanophores can also act as latent 
catalysts when embedded in materials [14,15]. 
These adducts present an inactive and stable 
“locked” state until activated by an external 
force. It results in the release of catalytic species 
that can be used to trigger specific reactions 

on demand. With this idea, a large panel of 
small molecules can also be released thanks 
to a specific design of mechanophores. This 
small molecule release can proceed directly 
during the mechanochemical reaction [16,17] 
of the mechanophore or by the spontaneous 
decomposition of the product resulting from 
this transformation [18,19]. These examples 
show the possibility of mechanophores playing 
a significant role in the creation of a new 
generation of intelligent materials and logic 
devices driven by mechanical forces. However, 
to allow these applications we need to identify 
the key parameters governing the mechanical 
response of these mechanophore structures, 
such as their rupture force or rupture mechanism 
and the influence of their molecular structure 
and environment. AFM-based single-molecule 
force spectroscopy (SMFS) has proven to 
be an efficient method to obtain this precise 
and quantitative information by allowing the 
evaluation of the mechanochemical behaviour 
of individual molecules. Here, we will briefly 
describe the basic principle of SMFS and show 
how it can contribute to obtain a detailed picture 
of the mechanical behaviour of Diels-Alder 
mechanophores.

2. AFM-based single molecule force spectroscopy

An example of an AFM setup is illustrated in 
Figure 2. A cantilever with a tip at its end is 
positioned above a surface sample and placed on 
a piezoelectric scanner, enabling precise three-
dimensional movement. As the sample approaches 

Figure 1: Chemical structure of furan-maleimide Diels-Alder (a), and spiropyran (b) mechanophores. 
The potential application of force is shown in red.
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the tip, interaction forces occur between the 
tip and the surface, causing the cantilever to 
bend. This bending is monitored using a laser 
beam aimed at the end of the cantilever, where 
it is reflected and is subsequently detected by a 
photodiode. The cantilever’s spring constant is 
a key property, enabling the conversion of the 
detected deflection into the force exerted on the 
tip, as determined by Hooke’s law.

During AFM-based single-molecule force 
spectroscopy (SMFS), a single molecule is 
trapped and stretched between the tip and the 
surface. The detailed process of molecule 
stretching during SMFS is illustrated in 
Figure  3. First, the surface, grafted with a 
very low amount of molecule of interest, is 
brought into contact with the tip. During the 
contact, interactions between a single molecule 
and the tip can take place. The surface is then 
retracted, and if a molecule attached to the 
tip during contact, it will be trapped and the 
force increases parabolically as the molecule 
resists stretching. This continues until the 
weakest link in the system (tip + molecule + 
surface) breaks, creating a force peak profile. 
After this rupture event, the cantilever returns 
to its zero-force equilibrium position, and the 

surface is repositioned for the next approach/
retraction cycle. The data collected consists of 
the cantilever deflection (measured in volts, 
reflecting the laser beam movement on the 
photodiode) relative to the piezo scanner’s 
position (in nanometers). This raw data can be 
converted into the force exerted on the cantilever 
as a function of the separation distance between 
the tip and the surface. Each cantilever is 
characterized by a deflection sensitivity, which 
relates nanometer-scale cantilever deflection 
(d) to the laser displacement on the photodiode 
through the following equation (Equ. 1):

d = V . S	 (1)

where V is the detected displacement of the 
laser beam (in volts) and S is the deflection 
sensitivity of the cantilever (in nm.volt-1). The 
separation between the tip and the surface (z) 
can be calculated by withdrawing this distance 
(d) to the displacement of the piezo scanner (z0), 
thanks to Equ.2.

z = zo – d	 (2)

Finally, the force exerted on the cantilever (F) is 
determined using Hooke’s law by multiplying 
the cantilever’s deflection (d) by its spring 
constant (k):

F = d . K	 (3)

The analysis of force-distance curves and the 
occurrence of rupture events provide insights into 
intermolecular and intramolecular interactions, 
conformational transitions, mechanochemical 
behaviour, and more. Therefore, it makes SMFS 
an effective method to study mechanophores 
[21-28], mechanically interlocked molecules 
[29,30], and other non-trivial small molecules 
[31,32], among others.

Figure 2: Schematic representation of an atomic force microscope [20].
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3. Investigation of the mechanical behaviour of the 
furan-maleimide Diels-Alder mechanophore

In the NanoChem research group, we are 
currently investigating the mechanical properties 
of the mechanophore formed through the 
archetypal Diels-Alder reaction between a furan 
and a maleimide moiety (fmDA mechanophore). 
This project is motivated by several factors. The 
Diels-Alder reaction is both straightforward and 
atom-efficient, and since furan derivatives can be 
sourced from biomass, this [4+2] cycloaddition 
is increasingly recognized as a key process in 
green chemistry [33]. Additionally, the fmDA 
mechanophore can undergo a retro-Diels-Alder 
reaction at moderately high temperature [34], 
making it highly relevant for polymer science, 
particularly for tailoring polymer properties.

The furan/maleimide Diels-Alder (fmDA) 
adduct has been incorporated into a wide range 
of polymer and composite materials [35-38], 
including hydrogels, coatings, and multifunctional 
materials with applications in self-healing, 
shape memory, thermal reprocessing, chemical 
recycling, and drug delivery. Furthermore, the 
fmDA mechanophore’s mechanical properties 

make it an excellent candidate for polymer 
mechanochemistry. For example, stimuli-
responsive polymers capable of releasing small 
molecules under mechanical stress have been 
created using this mechanophore [19].

Despite numerous interesting applications, 
quantitative/experimental precise data on the 
mechanochemical behaviour of the fmDA 
mechanophore remain limited. A few mechanical 
studies using ultra-sounds have been already 
made on this mechanophore suggesting that its 
geometry (stereo and regiochemistry) affects its 
mechanochemical behaviour [39-41]. However, 
quantitative information such as the rupture force 
or the rupture mechanism of this mechanophore, 
which are key parameters for its applications, is 
still lacking. To address this lack, we use AFM-
based single-molecule force spectroscopy to 
study four geometries of the fmDA mechanophore 
(proximal-endo, proximal-exo, distal-endo, 
and distal-exo) (Figure 4). The adducts are 
synthesized by the group of Guillaume De Bo, 
University of Manchester, UK, who synthesized 
and incorporated the mechanophores into 
polymer systems used as linkers during SMFS 
experiments (Figure 5). The primary goals of 

Figure 3: Schematic illustration of a single-molecule force spectroscopy experiment on a molecule and transformation of the 
obtained deflection-piezo position curve into a force-distance curve.
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these experiments are to measure the rupture force 
of the fmDA adducts and elucidate their rupture 
mechanisms at the single-molecule level, using 
advanced modes of SMFS, such as force clamp 
experiments. By comparing the mechanical 
responses of the different geometries, we aim 
to identify the relationship between molecular 
properties and the mechanical stability of the 
fmDA mechanophores.

4. Conclusions and perspectives

The results show that the presence of a long 
polymer linker leads to a delayed propagation of 

the external force to the mechanophore during 
stretching, increasing its exposition time and 
rupture probability at low forces. The amplitude 
of the rupture force depends on the geometry of 
the adduct. The distal-exo one was shown to be 
mechanoresistant. Distance-clamp experiments 
enabled to obtain information on the rupture 
mechanism, evidencing a concerted or sequential 
mechanism, depending on the geometry. This 
work confirms the impact of external forces 
on the chemical behaviour of mechanophores, 
which can result in an acceleration of their 
rupture or a modification of their thermal rupture 
mechanism.

Figure 4: Furan-maleimide mechanophore geometries depending on its stereochemistry and regiochemistry.

Figure 5: Schematic view of AFM-based single molecule force spectroscopy (SMFS) pulling experiment  
on the fmDA mechanophore incorporated in a polymer chain.
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